Lower bounds on the magnitude of the spectrum of the Hermitian WilsonDirac operator H(m) have previously been derived for 0 < m < 2 when the lattice gauge field satisfies a certain smoothness condition. In this paper lower bounds are derived for 2p−2 < m < 2p for general p = 1, 2, . . . , d where d is the spacetime dimension. The bounds can alternatively be viewed as localisation bounds on the real spectrum of the usual Wilson-Dirac operator. They are needed for the rigorous evaluation of the classical continuum limit of the axial anomaly and index of the overlap Dirac operator at general values of m, and provide information on the topological phase structure of overlap fermions.
Introduction
It is well-known from numerical studies (see, e.g., [1, 2] ) that in smooth gauge backgrounds in d dimensions the real eigenvalues of the Wilson-Dirac operator are localised around the values 0, 2, 4, . . . , 2d (in units of inverse lattice spacing, and with Wilson parameter r = 1). In this paper we give an analytic derivation of this numerical observation. Our smoothness condition is the "admissibility condition" of [3, 4] :
Since the plaquette variable has the expansion U(p) = 1 − a 2 F µν (x) + O(a 3 ) in powers of lattice spacing a, (1.1) can be regarded as an approximate smoothness requirement on the curvature of the lattice gauge field. If U is the lattice transcript of a smooth continuum gauge field then (1.1) is automatically satisfied for any ǫ > 0 when the lattice is sufficiently fine.
In fermionic definitions of the topological charge of lattice gauge fields the lowlying real eigenmodes of the Wilson-Dirac operator D w are interpreted as would-be zero-modes, while the other real eigenmodes are interpreted as would-be doubler modes. This interpretation relies on the real eigenvalues being localised as described above, which is not the case in general for arbitrary rough gauge fields. The localisation result on the real spectrum of D w derived in this paper provides a specific analytic criterion under which the localisation is guaranteed. It is also of interest in connection with the overlap fermion formulation on the lattice [5, 6] . This is because a real eigenmode for the Wilson-Dirac operator is equivalent to a zero-mode for the Hermitian Wilson-Dirac operator with negative mass parameter: has previously been studied in ref.'s [7, 8] . The bounds derived in this paper lead to analytic information on the topological phases which complements the numerical results of those papers.
Furthermore, a non-zero lower bound on |H(m)| allows the locality of the overlap Dirac operator, and its smooth dependence gauge field, to be analytically established [3] (see also [9] ). The general bounds derived in this paper allow the unnatural restriction 0 < m < 2 on the results of [3] to be removed. These bounds are also 2 required for the rigorous evaluation of the classical continuum limits of the axial anomaly and index of the overlap Dirac operator [10, 11] . 1 As a final application we will discuss qualitative implications of the bounds for the instanton size-dependence of the real spectrum of the Wilson-Dirac operator in an instanton background.
The paper is organised as follows. In Section 2 the previously derived lower bounds on |H(m) In [3, 4] lower bounds of the form
were derived when the lattice gauge field satisfies the smoothness condition (1.1). The currently sharpest bound has c 1 = 6(2+ √ 2) ≈ 20.5 in 4 dimensions [4] and generalises Our aim in this paper is to generalise (2.1) to bounds of the following form:
For given m ∈ ]k −1 , k +1 [ this lower bound is nontrivial when ǫ in the smoothness
On the other hand, if we only require ǫ < 1/c k for all k then the bound is nontrivial for all values of m except those lying in one of the following intervals: 
. . , 2d−1. This is the advertised localisation result on the real spectrum of D w . Explicit values for the c k 's will be determined in the next section. 
Derivation of the bounds
The Wilson-Dirac operator D w with general Wilson parameter r is given by
where T ±µ are the forward/backward parallel transporters (( 
It is useful to define the hermitian operators
These have bounds −1 ≤ S µ ≤ 1 , −1 ≤ C µ ≤ 1 , 0 ≤ R µ ≤ 2 and satisfy (in any gauge background) the following identities:
The Wilson-Dirac operator can then be written as
For later use we also note the relations
where ∇ µ = T +µ − 1.
The Hermitian Wilson-Dirac operator (normalised by 1/a) is given by
|H(m, r)| = H(m, r) 2 is defined via spectral theory. In the following we set r = 1
and consider H(m) = H(m, 1); the case of general r is dealt with in the Appendix.
To derive the desired bounds (2.2) it suffices to show the following:
(an alternative derivation of this had also been given in the first paper of [3] ), and this together with (3.9) implies the bounds (2.2).
To derive bounds of the form (3.9) we use (3.5)-(3.7) to express H(m) 2 as follows:
where
and
Using (3.2) and triangle inequalities a bound on E ′ of the form
can be obtained. The value for c ′ obtained in [4] in the 4-dimensional case is c ′ = 6(1 + √ 2) ≈ 14.5 and generalises to c
To complete the derivation of (3.9) we need to show that χ(k) can be written in the form
It then follows from (3.10) that (3.9) is satisfied with c k = c
It is easy to derive a decomposition and bound (3.15) in the k = 1 case [3, 4] . In this case (3.12) reduces to [3] . A more subtle decomposition χ(1) = P (1) + E(1) was derived in [4] for which ||E(1)|| ≤ Our goal now is to derive a decomposition and bound (3.15) for χ(k) in the case
we begin by noting the identity
in (3.19). The key feature of this expression is that, unlike the original expression (3.12), it is a sum of monomials in the positive operators R µ and 2−R ν (recall 0 ≤ R µ ≤ 2) with positive coefficients when m is an odd integer (in particular when m = k = 1, 3, . . . , 2d−1). As we will see shortly, this provides for a decomposition χ(k) = P (k) + E(k) of the form required in (3.15).
To derive (3.18), consider the expansion of χ(m) in powers of the R µ 's:
The expansion of χ(m) rev is identical except that the ordering of the R µ 's is reversed.
In light of (3.12), to derive (3.18) it suffices to show that
Let us focus on the term of order p in (3.20) . It gets contributions from the terms in
For s ≤ p the contribution of this to the α p -term in (3.20) is
(the binomial coefficient p s appears because it is the number of ways to pick s distinct elements from a set of p elements). It follows that In the p ≥ 3 case we calculate
(each sum vanishes since
). This completes the derivation of (3.21), thereby establishing (3.18).
We now show how (3.18)-(3.19) leads to a decomposition
of the form (3.15). The operator product R
in (3.19) decomposes into a positive piece and a piece involving commutators as follows. Set
µ || ≤ 2 for q = 0, 1 and, by (3.7) and (3.17),
Using this and commutator relations [O,
] || ≤ ǫ, together with triangle inequalities, lead to the bound
The reversed product R
has an analogous decomposition P
with identical bounds. Consequently, by (3.18)-(3.19) we get a decomposition
where P (m) and E(m) are given by (3.19) with R
, respectively. The coefficient in the summand in (3.19) is ≥ 0 when m is an odd integer, hence P (k) ≥ 0 for odd k and in particular for k = 1, 3, . . . , 2d − 1 as required in (3.15) . Furthermore, from (3.31)-(3.32) we get a bound
Thus we have established the existence of a decomposition and bound (3.15) for χ(k)
for general k = 1, 3, . . . , 2d − 1. By our previous discussion this implies the existence of the desired bounds (2.2). We remark that (3.35) is invariant under
This is as expected in light of the well-known fact that a lower bound on |H(m)| is also a lower bound on |H(2d − m)| (see the Appendix).
The bound (3.34)-(3.35) is rather weak. For example, in the d = 4 case it is [3] and [4] , respectively. Note however that for the applicationsdiscussed in this paper it suffices simply to show the existence of bounds of the form (2.2) without necessarily finding sharp ones. The largeness of c ′′ k in the above bound is due to the large number of terms in the expression (3.19) for χ(m). In practice it is often possible to simplify this expression such that a sharper bound (i.e. smaller c ′′ k ) can be derived. We discuss this in the d = 4 case in the following.
In the remainder of this section we specialise to dimension d = 4 and consider χ(k) for k = 1, 3, 5, 7. We wish to simplify the expression (3.18)-(3.19) for χ(k) in order to get bounds with smaller c ′′ k . In order to have a decomposition χ(k) = P (k) + E(k) the simplified expression must continue to be a sum of monomials in the positive operators R µ , (2 − R ν ) with positive coefficients. In the k = 1 case (3.18) simplifies to χ(1) = µ =ν R µ R ν (recall (3.16)) from which the previously discussed bounds with c ′′ 1 = 12 [3] and c ′′ 1 = 6 [4] can be derived. In the k = 7 case χ(7) reduces to
Arguments analogous to the ones in [3] , and [4] , lead to bounds with c 
In this case there does not appear to be a major simplification with the required properties. In fact it is quite easy to show that χ(3) cannot be written as a sum of monomials of order ≤ 3 in R µ , (2 − R ν ) with positive coefficients (we leave this as an exercise for the reader). Minor simplifications are possible though, for example: 
Heuristic considerations
In this section we present a heuristic argument which provides a clearer intuitive understanding of why bounds of the form derived in the previous section should hold. We go on to heuristically derive certain properties of the spectral flow of H(m) previously observed in numerical studies (e.g. [1, 17] ).
Consider a "near zero-mode" for H(m):
If ǫ in the smoothness condition (1.1) is small then E ′ ≈ 0 in (3.10), and (4.1) becomes
Since S 2 µ ≥ 0 it follows that S µ ψ ≈ 0 for µ = 1, . . . , 2d and consequently, by (3.5),
jµ ψ for j µ = 0 or 1. Then (4.2) reduces to In fact the above heuristic approach can be further developed to get an alternative rigorous derivation of the bounds (2.2) [18] . However, the argument is technically more complicated than the one in §3, and does not lead to sharper bounds, so we do not present it here.
We now proceed to study the spectral flow of H(m). For this it is useful to introduce the operators T µ defined by
These have the following properties:
Using these we find 2 These have proved useful in previous lattice fermion contexts; see, e.g., [13] O (see, e.g., [2, 17] ). 
Applications of the bounds
We have already seen in §2 how the general bounds (2.2) lead to a localisation result on the real spectrum of the Wilson-Dirac operator, thus providing an analytic understanding of the numerical results on the real spectrum in "smooth" gauge backgrounds. In this section we discuss applications of the bounds to overlap fermions [6] .
The general bounds allow analytic results on the overlap Dirac operator D ov which were previously derived for the 0 < m < 2 to be extended to the general m case With the bounds (2.2) the arguments of ref. [3] for the locality of D ov and its smooth dependence on the lattice gauge field carry over unchanged from the 0 < m < 2 case to the k − 1 < m < k + 1 case (k = 1, 3, . . . , 2d − 1) after choosing
2 )/c k so that the lower bound on |H(m)| is greater than zero. The size of the exponential decay constant in the locality bound for D ov depends on the size of c k , but for the existence of the locality bound it is enough to know that (2.2)
holds for a specific value of c k which is independent of the lattice gauge field.
(
ii) Evaluation of the classical continuum limit of the axial anomaly and index of the overlap Dirac operator.
The rigorous evaluation of the classical continuum limit of the axial anomaly 4 and index of the overlap Dirac operator at general values of m requires existence of a nontrivial lower bound on |H(m)| when the lattice is sufficiently fine [10, 11] .
We claimed in [10, 11] that such bounds exist and promised to provide them in a forthcoming paper. The present paper delivers on that promise. Again, the actual values of the c k 's do not matter: The lattice transcript of a smooth continuum gauge field automatically satisfies the smoothness condition (1.1) for any ǫ > 0 when the lattice is sufficiently fine (see [11] for the rigorous justification of this point), so all that matters for the classical continuum limit calculations is that the bounds hold for some choice of c k 's which are independent of the gauge field and lattice spacing. m should be chosen so that D ov is in the "correct" phase. This issue has previously been studied both analytically and numerically in [7] and numerically in [8] . However, the analytic arguments in [7] are problematic since they involve treating topologically nontrivial fields as perturbations of the trivial gauge field U = 1. On the other hand, the bounds (2.2) provide rigorous nonperturbative insight into the topological phase structure when the lattice gauge fields are required to satisfy the smoothness condition 
is no longer in a distinct topological phase and the spectral flow of H(m) through this region is (−1)
Q. Finally, after m has increased to 2d we have index(
D ov is back in a topologically trivial phase which it remains in for all m ≥ 2d.
The above description of the topological phase structure of D ov is compatible with the results of previous numerical studies in 2 and 4 dimensions [7, 8] . To put the above analytic argument on a completely rigorous footing a rigorous derivation of the heuristic result of §4 on the spectral flow of H(m) is required. This remains as a problem for future work. We note however that further evidence for the validity of this description comes from the result of [11] , which states that in the classical continuum limit
where Q is the index of the continuum Dirac operator.
A generalisation of the overlap Dirac operator has been presented in [19] and it would also be of interest to establish the topological phase structure of this operator. Approximate instantons on the lattice can be obtained either through a cooling procedure [21] , or by taking an appropriate lattice transcript of a continuum instanton field [22, 17] . We will focus on the latter case. In this case numerical studies have shown that the real eigenvalues of D w are well localised around 0, 2, . . . , 2d (or equivalently, the crossings of zero by eigenvalues of H(m) occur close to these values) when the instanton is large at the scale of the lattice spacing, but become delocalised as the instanton size is decreased [17] . The standard explanation of this is that instantons which are small at the scale of the lattice spacing are not slowly varying at this scale in the region in which they are localised, so their lattice transcripts are "rough" in this region. On the other hand, large instantons are slowly varying, so their lattice transcripts are "smooth". The bounds (2.2) can be used to give a more precise version of this intuitive explanation as follows. A continuum instanton field centred at x (0) has the form [23] A µ (x) = 2η
µν α
where η µν α is the 't Hooft symbol, t α are generators of the SU(2) subgroup and the parameter ρ specifies the size of the instanton. Its curvature is
When putting the instanton on the lattice with periodic boundary conditions it is important to transform (5.1) to a singular gauge before taking the lattice transcript (and the lattice volume must also be sufficiently large that the singular gauge instanton is close to vanishing at the boundary) [22, 17] . ||F µν (x)|| is not affected by this though since it is gauge invariant. From (5.2) we see that ||F µν (x)|| diverges at x (0) in the limit of small instanton size ρ. Hence for small ρ the lattice transcripted field generally violates the smoothness condition ( On the other hand, from (5.2) we get a bound
showing that ||F µν (x)|| vanishes uniformly in the limit of large ρ. Consequently, for large ρ the smoothness condition (1.1) will generically be satisfied on sufficiently fine lattices, thereby guaranteeing localisation of the real spectrum of D w according to the result of §2.
These considerations can be extended to more general gauge fields describing a collection of topologically charged "lumps" (e.g. instanton-anti instanton configurations, multi-instantons, instanton gases). The topological charge of a lump is given
If the lump size is small then ||F µν (x)|| must be large in the lump region in order that the magnitude of the integral in (5.4) can be ≈ 1. The smaller the lump is, the larger ||F µν (x)|| must be in the lump region. This generically leads to violation of the smoothness condition (1.1) as before. On the other hand, if the lump size is large ||F µν (x)|| is not forced to be large in any particular region. Generically we can expect ||F µν (x)|| to decrease with increasing lump size, and to vanish in the large lump limit. Then, by the same argument as before, localisation of the real spectrum of D w will generically hold in gauge backgrounds describing topological lumps when all the lumps are sufficiently large and the lattice is sufficiently fine.
does not necessarily imply that the localisation result itself must break down, although it is not surprising that it should do so. We can turn things around and interpret the numerical results on the delocalisation of the real spectrum in small instanton backgrounds as indicating that, in general, a smoothness requirement of the form (1.1) is not only sufficient but also a necessary requirement for the real spectrum of D w to be localised.
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We have derived general lower bounds on the magnitude of the spectrum of the Hermitian Wilson-Dirac operator:
where ǫ is the constraining parameter in the smoothness condition (1.1) (and the
Wilson parameter is r = 1; the generalisation to arbitrary r > 0 is given in the appendix.) Thus we have supplemented the previous bounds for the "physical" case k = 1 [3, 4] with bounds for the "doubler" cases k = 3, 5, . . . , 2d − 1. The bounds were shown to hold with
The bounds are rather weak due to the large size of c ′′ k , which is due to the large number of terms in the expression (3.19) for χ(k). In practice it is often possible to get sharper bounds (i.e. smaller c The bounds allow previous results on the overlap Dirac operator to be extended from the 0 < m < 2 case to general values of m (m = 0, 2, . . . , 2d). This includes evaluation of the classical continuum limit of the axial anomaly and index [10, 11] , and the results of [3] on locality of the overlap Dirac operator and its smooth dependence of the gauge field. The bounds were also seen to imply the existence of topological phases for the overlap Dirac operator when one restricts to the space of lattice gauge fields satisfying (1.1) with ǫ < 1/c k for all k. A complete description of the topological phase structure was obtained by combining the bounds with the heuristic result of §4 on the spectral flow properties of H(m).
Finally, we pointed out how the bounds can be used to get a more precise understanding of why the real spectrum of the Wilson-Dirac operator in an instanton background is generally localised around 0, 2, . . . , 2d when the instanton size is large but becomes delocalised when the instanton is small at the scale of the lattice spacing. (The argument also applies to more general gauge fields describing a collection of "topological lumps".) Our argument for delocalisation of the real spectrum in small instanton backgrounds involved an assumption, namely that, generically, the smoothness condition (1.1) is not only sufficient but also a necessary condition for localisation of the spectrum. Numerical studies (e.g. [17] ) seem to indicate that this is the case, but it would be interesting if it could be proved analytically. This is relevant for the issue of chiral symmetry breaking in lattice gauge theory since it means that the contribution to the density of near-zero eigenvalues of the Dirac operator from gauge fields describing small topological lumps is reduced on the lattice. Is this reduction an unwanted lattice artifact, or is it a genuinely physical feature revealed by lattice regularisation (in the same way that lattice-and other regularisations reveal the presence of anomalies which one would not have expected from formal continuum considerations)? Note that the bounds (A.9) for the r < 1 case and (A.11) for the r > 1 case are both weaker than the bound (2.2) for the r = 1 case.
